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is satisfied then the decentralized MPC scheme is globally asymptotically stabilizing.
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is satisfied ∀x ∈ Rn, ∀j = 1, . . . , N then the decentralized MPC scheme is globally
asymptotically stable under packet loss.
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Hierarchical MPC design
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min
u(k)

f(y(k + 1)− rd(k), u(k))

s.t. g(u(k), y(k), rd(k)) ≤ 0
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any convex quadratic
or PWA function

any set of (mixed-integer) 
linear constraints

output feedback
from underlying process

desired reference

y(k + 1) = G(1)u(k)

r(k) = G(1)u(k)
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2
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y(k + 1) = G(1)u(k)

min
u(k)

‖G(1)u(k)− rd(k)‖2 r(k) ! G(1)u(k)

|G(1)u(k)− yi(k)| ≤∆r
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Process

C1

C2

Cn

u1

u2

Lower Control Layer

r1

r2

Upper 
Control
Layer

..
.

desired
reference

output 
constraints

r(t)
u(t)

y(t)

TH = NTL

TL

sampling time 

sampling time 

x(t)

rny

unu

optional (partial) 
state feedback {

Decentralized LCL
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




x(t+1) = Āx(t) + B̄u(t)
y(t) = C̄x(t) + D̄u(t)
u(t) = Kx(t) + Er(t)

E = ((C̄ + D̄K)(I − Ā− B̄K)−1B̄ + D̄)−1

{
x(t+1) = Ax(t) +Br(t)

y(t) = Cx(t) +Dr(t)

R = {r ∈ Rny : Hyr ≤ Ky −∆Ky}

Plant equations

LCL closed-loop

Y = {y ∈ Rny : Hyy ≤ Ky}

E = {e ∈ Rny : Hye ≤ ∆Ky}

Constraints

LCL specs

e(t) ! y(t)− r(t)

inner closed loop stable

y1

y2

∆Ky1

∆Ky2

∆Ky1

∆Ky2

R
Y

DC Gain
Tuning knob

Admissible polytopes
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##

at time     allow                                                        

“small enough” such that

∆r = ||r(t)− r(t−NTL)||∞
x(t+NTL) ∈ Ω(r(t))

tMain Idea:

t

r(t− 1)

t + TL t + 2TL t + TH t

r(t)

r(t + 1)

Ω(r(t))

x(t + h) /∈ Ω(r(t)), h = 1, . . . , N − 1x
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#8

MPC stabilization and guidance of quadcopters

4 command inputs:
VM1, VM2, VM3, VM4

12 outputs:
θ ,φ ,ψ,x,y,z, θ̇ , φ̇ , ψ̇, ẋ, ẏ, ż

ẍ = (−usinθ −β ẋ) 1
m

ÿ = (ucosθ sinφ −β ẏ) 1
m

z̈ =−g+(ucosθ cosφ −β ż) 1
m

θ̈ = τθ
Ixx

φ̈ =
τφ
Iyy

ψ̈ = l
Izz
(−f1 + f2 − f3 + f4)

Constraints
- Inputs (motors voltages)

saturation
- Altitude z ≥ 0
- Pitch and roll angles
−π

6 ≤ θ ,φ ≤ π
6 (soft costraints)

UNITN Toulouse, France
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Fig. 3. Example of “safety area” surrounding an obstacle

D. Hybrid model for UAV navigation in formation
The hierachical structure described above for one quad-

copter is extended to coordinate a formation of V cooperating
UAVs, V > 1. We use a leader-follower approach with
decentralized scheme to manage the formation; according to
such an approach, one of the vehicles (Leader) is chosen
to direct the formation, following a prescribed path, and
all the other aircraft (Followers) are expected to maintain a
constant relative distance reference from the Leader. Each
UAV is equipped with its own hybrid MPC controller and takes
decisions autonomously, measuring its own state and the po-
sitions of the neighboring vehicles and obstacles, planning its
own path with obstacle avoidance. The whole formation must
be capable of reconfiguring, making decisions (for instance,
changing relative distances to modify the formation shape),
and achieving mission goals (e.g., target tracking). Moreover,
each follower must avoid collision with the other one. In this
case the other vehicles in the formation are treated as obstacles,
so that M accounts now for both real obstacles and other
(neighboring) vehicles. We take account the real dimensions
of the vehicles and avoid that they move too close to each
other and to the obstacles to minimize risk of collision.

The overall hybrid dynamical model is obtained by collect-
ing (4), (8), (9), (10), (11). These are modeled through the
modeling language HYSDEL [22] and converted automatically
by the Hybrid Toolbox [23] into a mixed logical dynamical
(MLD) system form [24]

ξH(k + 1) = AξH(k) + B1∆uH(k) + B2δ(k) + B3γ(k)
(12a)

yH(k) = CξH(k) + D1∆uH(k) + D2δ(k) + D3γ(k)
(12b)

E2δ(k) + E3γ(k) ≤ E1∆uH(k) + E4ξH(k) + E5,
(12c)

where ξH(k) = [x(k) y(k) z(k) C ′
1(k) . . . C ′

M (k) xd(k −

1) yd(k − 1) zd(k − 1)]′ ∈ R6+4M is the state vector,
∆uH(k) = [∆xd(k) ∆yd(k) ∆zd(k)]′ ∈ R3 is the input
vector, yH(k) = [x(k) y(k) z(k)] ∈ R3 is the output vector,
δ(k) ∈ {0, 1}4M+4S and γ(k) ∈ RS are respectively the
vector of binary (defined in (9)) and continuous auxiliary
variables. The inequalities (12c) include a big-M represen-
tation [24] of (9) and a polyhedral inequality representation
of (10). Matrices A, B1, C, E1, E2, E4, E5 have suitable
dimensions and are generated by the HYSDEL compiler. In
order to design a hybrid MPC controller, consider the finite-
time optimal control problem

min
{∆u(k)}NH−1

k=0

NH−1∑

j=0

(yH(k + j + 1)− yHt)′Qy(yH(k + j + 1)

− yHt) + ∆u′H(k + j)R∆uH(k + j)
+ γ′H(k + j)QγγH(k + j) (13a)

s.t. MLD dynamics (12) (13b)
constraints (5) (13c)

where NH is the prediction horizon, yHt = [x̄t ȳt z̄t]′ is
the desired position (e.g., the position of the target or of the
leading vehicle), γH are the auxiliary continuous variables
with reference γHt, Qy ≥ 0, R > 0 ∈ R3×3 and Qγ ≥ 0
∈ RS×S are weight matrices.

The MLD hybrid dynamics (12) has the advantage of
making the optimal control problem (13) solvable by mixed-
integer quadratic programming (MIQP). At each sample step
k, given the current reference values yH(k) and the current
state ξ(t), Problem (13) is solved to get the first optimal input
sample ∆u∗H(k), which is commanded as the increment of
desired set-point (xd, yd, zd) to the linear MPC controller at
the lower hierarchical level.

As an alternative, to manage the formation in this approach
we use a centralized scheme consisting of a single hybrid MPC
controller based on a macromodel (including the dynamics
and obstacles of the entire formation) generates the references
for all UAVs, that are passed to the individual linear MPC
controllers designed for stabilization. Clearly, this centralized
approach has the drawback of needing the solution of a
single MIQP optimization problem for the entire team, which
typically requires significant computation. We will compare
the performance of the centralized and decentralized hybrid
navigation schemes in the next section.

III. POTENTIAL FIELDS METHOD

For comparing the hybrid MPC approach with other exist-
ing navigation schemes, we consider the 3D potential fields
method proposed in [15] for a formation of helicopters,
adapted for the formation of quadcopters defined earlier. In
this case, tetrahedra are replaced by spherical obstacles. This
approach generates a potential field for each UAV depending
on formation pattern, desired and actual position, and obstacle
positions, for collision and obstacle avoidance and target
tracking. The total field

F tot = Ft + F tot
ca + F tot

oa (14)

where ξL(k) = [θ,φ, ψ, x, y, z, θ̇, φ̇, ψ̇, ẋ, ẏ, ż, zI]′ ∈ R13 is
the state vector, uL(k) = [vm1, vm2, vm3, vm4]′ ∈ R4 is the
input vector, yL(k) ∈ R13 is the output vector (that we assume
completely measured or estimated), and A, B, C, D are
matrices of suitable dimensions obtained by the linearization
process. The additional state, zI =

∫
(z − zd) is included to

provide integral action on the altitude z, so that offset-free
tracking of the desired setpoint zd is guaranteed in steady-
state. The integral action is mainly due to counteract effect
of the gravity force acting against the force developed by the
collective input f .

The linear MPC formulation of the Model Predictive Con-
trol Toolbox for Matlab [21] based on quadratic programming
is used to design the controller.

C. Hybrid MPC for collision avoidance
The proposed approach consists of constructing an abstract

hybrid model of the controlled aerial vehicle and of the
surrounding obstacles, and then use a hybrid MPC strategy
for on-line generation of the desired positions. The closed-
loop dynamics composed by the quadcopter and the linear
MPC controller can be very roughly approximated as a 3-
by-3 diagonal linear dynamical system, whose inputs are
(xd, yd, zd) and whose outputs are (x, y, z). Accordingly, the
dynamics is formulated in discrete-time as






x(k + 1) = α1xx(k) + β1x(xd(k) + ∆xd(k))
y(k + 1) = α1yy(k) + β1y(yd(k) + ∆yd(k))
z(k + 1) = α1zz(k) + β1z(zd(k) + ∆zd(k))

(4)

where ∆(·)d(k) is the increment of desired (·)-coordinate
commanded at time kThyb, and Thyb > Ts is the sampling
time of the hybrid MPC controller. Input increments ∆xd(k),
∆yd(k), ∆zd(k) are upper and lower bounded by a quantity
∆

−∆
[

1
1
1

]
≤

[
∆xd(k)
∆yd(k)
∆zd(k)

]
≤ ∆

[
1
1
1

]
(5)

Constraint (5) is a tuning knob of the hybrid MPC controller,
as it allows one to directly control the speed of maneuver
of the quadcopter by imposing constraints on the reference

derivatives
∥∥∥∥

[
ẋd(t)
ẏd(t)
żd(t)

]∥∥∥∥
∞
≤ ∆ · Thyb.

Obstacles are modeled as polyhedral sets. For minimizing
complexity, the ith obstacle, i = 1, . . . ,M , is modeled as the
tetrahedron

Aobski

[
x(k)−xi(k)
y(k)−yi(k)
z(k)−zi(k)

]
≤ Bobs (6)

where Aobs

[
x
y
z

]
≤ Bobs is a fixed hyperplane representation

of a reference tetrahedron, ki is a fixed scaling factor, and[
xi(k)
yi(k)
zi(k)

]
is a reference point of the obstacle. In this paper we

choose Aobs, Bobs such that the corresponding polyhedron is

the convex hull of vectors
[

0
0
0

]
,
[

5/2
0
0

]
,
[ 0

5/2
0

]
,

[
5/6
5/6
5/2

]
, which

makes the reference point
[ xi

yi
zi

]
its vertex with smallest coor-

dinates.

Equation (6) can be rewritten as

Aobski

[
x(k)
y(k)
z(k)

]
≤ Cobs(k) (7)

where Cobs(k) = Bobs + Aobski

[
xi(k)
yi(k)
zi(k)

]
∈ R4 is a quantity

that may vary in real-time. Although we model here the
predicted evolution of Cobs as

Cobs(k + h + 1) = Cobs(k + h) (8)

non-constant dynamics may be used as well if obstacle veloc-
ities and/or accelerations were estimated.

Finally, to represent the obstacle avoidance constraint, de-
fine the following binary variables δij ∈ {0, 1}, i = 1, . . . ,M ,
j = 1, . . . , 4

[δij(k) = 1] ↔ [Aj
obski

[
x(k)
y(k)
z(k)

]
≤ Cj

obs(k)] (9)

where j denotes the jth row (component) of a matrix (vector).
The following logical constraints

4∨

j=1

¬δij(k) = 1, ∀i = 1, . . . ,M (10)

impose that at least one linear inequality in (7) is violated,

therefore enforcing the quadcopter position
[

x(k)
y(k)
z(k)

]
to lie

outside each obstacle.
Differently from [7], we want to penalize here that vehicles

fly too close to obstacles. To this end, each obstacle seen by a
UAV is surrounded by a “safety area”, represented by a larger
tetrahedron containing the one defined by (7) (see Figure 3).
Also for such safety areas we define binary variables δ!j(k),
( = 1, . . . , S, as in (9), where S is the number of safety
areas (S ≤ M in case of one UAV flying in an area with
M obstacles), but without imposing the logical constraints as
in (10) to allow the UAV entering those areas. Such an event is
penalized by defining for each “safety area” a variable γ!(k),
( = 1, . . . , S

γ!(k) =

{
1 if

∧4
j=1 δ!j(k) = 1 ∀( = 1, . . . , S

0 otherwise
(11)

that the controller will try to keep at zero. In this way, the
vehicle will tend to avoid passing through the safety areas
that have been set around the obstacles. Note that although γ!

can only assume values 0 and 1, we treat it as a real variable to
ease the hybrid MPC computations that will be defined in the
next paragraphs. The sampling time Thyb must be chosen large
enough to neglect fast transient dynamics, so that the lower
and upper MPC designs can be conveniently decoupled. On
the other hand, the obstacle avoidance constraint (10) is only
imposed at multiples of Thyb, and hence an excessively large
sampling time may lead to trajectories that go through the
obstacles during intersampling intervals.
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Results: Obstacle Avoidance

Obstacles positions are known at each sample step
Trajectory generated in real-time
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Results: Position and Reference Signals

Average CPU time for hybrid MPC = 135 ms per time step (Thyb=1.5 s),
using the MIQP solver of CPLEX 11.2
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Obstacles positions are known at each sample step
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Results: obstacle avoidance for formation

Obstacles positions are known at each sample step
Trajectory generated in real-time
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Fig. 4. Trajectories of formation with obstacle avoidance, hybrid approach
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Fig. 5. Leader’s position and reference signals generated by the decentralized
hybrid MPC approach, tracked by linear MPC

point generation is about 0.073 s per time step (Thyb=1.5 s),
with the centralized scheme is about 0.466 s.

C. Comparison with potential fields method
In order to assess further the performance of the proposed

hybrid MPC approach to formation flying control, we compare
it with the potential fields method described in Section III
to generate on-line the desired positions, while maintaining
the lower-level linear MPC controllers for stabilization and
reference tracking. In this case the tetrahedra are replaced by
four spherical obstacles. The parameters used for simulation
are reported in Table II.

The use of the potential field reduces the computational
complexity thanks to the absence of the overall hybrid model;
the CPU time to calculate the desired positions is of the order
of milliseconds. Even if the performance of obstacle avoidance

TABLE II
PARAMETERS FOR THE POTENTIAL FIELDS METHOD

Kt 0.15 Gain for target
rq 1.3 Quadcopter radius
Kca 10 Gain for collision avoidance
Koa 40 Gain for obstacle avoidance
Ksav 2 Gain for a save avoidance
robs(1) 2.5 Radius of obstacle 1
robs(2) 3 Radius of obstacle 2
robs(3) 3.5 Radius of obstacle 3
robs(4) 2.5 Radius of obstacle 4

TABLE III
COMPARISON OF DIFFERENT APPROACHES

Jtt Jfpt Ju

centralized hybrid MPC 1 1 1
decentralized hybrid MPC -0.09% -0.51% -0.03%
potential fields +210.32% +294,30% +212.75%

(see Figure 6) and reference tracking (see Figure 7) is satisfac-
tory, it takes a longer time to reach the target. Moreover, it is
necessary to impose an upper bound zmax

L = 22.4 on altitude
in the linear MPC formulation, to avoid undesired overshoots
due to fast variations of the references. Finally, to make a
quantitative comparison of the different control strategies, we
show in Table III different performance indices and compare
them on the different navigation algorithms: decentralized
hybrid MPC, centralized hybrid MPC, and potential fields
method. We consider the following three indices defined on
the simulation interval 25÷300 s (i.e., 350÷4200 samples)

Jtt =

4200∑

k=250

‖pL(k)− pt‖2
2

Jfpt =

4200∑

k=250

‖pL(k)− pF1(k)− pd1‖2
2 + ‖pL(k)− pF2(k)− pd2‖2

2

Ju =

4200∑

k=250

‖u(k)− u(k − 1)‖1

where Jtt represents the target tracking Integral Square Error
(ISE) index, Jfpt the formation pattern tracking ISE index, and
Ju the absolute derivative of input signals (IADU) index for
checking the smoothness of control signals [6]. The indices
are normalized with respect to the values obtained using
centralized hybrid MPC. It is apparent that the hybrid MPC
approach outperforms the potential fields method. Note also
that the decentralized and the centralized hybrid MPC schemes
have almost equal performance, actually the decentralized
scheme is even slightly better. This maybe due to the receding-
horizon mechanism of MPC and to the fact that the MPC
weights were tuned for the decentralized approach and used
for both schemes.

In the simulations we assumed that the positions of the
obstacles are known at each sample step. In more realistic
applications with several obstacles it may be enough to only

Fig. 6. Trajectories of formation with obstacle avoidance, potential fields
method
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Fig. 7. Leader’s position and reference signals generated by the potential
fields method, tracked by linear MPC

know the locations of the obstacles which are closest to
the vehicle, for a threefold reason. First, because of the
finite-horizon formulation, remote obstacles will not affect
the optimal solution, and may be safely ignored to limit the
complexity of the optimization model. Second, because of the
receding horizon mechanism, the optimal plan is continuously
updated, which allows one to change the maneuvers to avoid
new obstacles. Third, in a practical context obstacles may be
moving in space, and since such dynamics is not modeled here,
taking into account remote obstacles in their current position
has a weak significance. The number M of obstacles to be
taken into account in the hybrid model clearly depends on the
density of the obstacles and the speed of the vehicle. Note
that, depending on the sensor system on board of the vehicle,
it may be even impossible to measure the position of remote

obstacles.

V. CONCLUSIONS

In this paper we have shown how model predictive control
strategies can be employed for autonomous navigation of
formation of unmanned aerial vehicles, such as quadcopters.
A linear MPC controller takes care of vehicles stabilization
and reference tracking, and a hybrid MPC generates the path
to follow in real-time to reach a given target while avoiding
obstacles. The simulation results have shown the reduced
computational load of the decentralized hybrid MPC compared
to the corresponding centralized hybrid MPC scheme, and
the better performance of hybrid MPC in comparison to on-
line planning methods like potential fields. Compared to off-
line planning methods, such a feature of on-line generation
of the 3D path to follow is particularly appealing in realistic
scenarios where the positions of the target and of the obstacles
are not known in advance, but rather acquired (and possibly
time-varying) during flight operations.

REFERENCES

[1] E. Altug, J. Ostrowski, and C. Taylor, “Control of a quadrotor heli-
copter using dual camera visual feedback,” The International Journal of
Robotics Research, vol. 24, no. 5, pp. 329–341, 2005.

[2] G. Hoffmann, S. Waslander, and C. Tomlin, “Quadrotor helicopter
trajectory tracking control,” in Proc. AIAA Guidance, Navigation, and
Control Conf., Honolulu, HI, 2008.

[3] P. Castillo, A. Dzul, and R. Lozano, “Real-time stabilization and tracking
of a four-rotor mini rotorcraft,” IEEE Transactions on Control Systems
Technology, vol. 12, no. 4, pp. 510–516, 2004.

[4] A. Kivrak, “Design of control systems for a quadrotor flight vehicle
equipped with inertial sensors,” Master’s thesis, Atilim University,
Turkey, 2006.

[5] M. Chen and M. Huzmezan, “A combined MBPC/2 DOF H∞ con-
troller for a quad rotor UAV,” in AIAA Atmospheric Flight Mechanics
Conference and Exhibit, 2003.

[6] G. Raffo, M. Ortega, and F. Rubio, “An integral predictive/nonlinear
h∞ control structure for a quadrotor helicopter,” Automatica, vol. 46,
pp. 29–39, 2010.

[7] A. Bemporad, C. Pascucci, and C. Rocchi, “Hierarchical and hybrid
model predictive control of quadcopter air vehicles,” in 3rd IFAC
Conference on Analysis and Design of Hybrid Systems, Zaragoza, Spain,
2009.

[8] W. Dunbar, “Model predictive control: extension to coordinated multi-
vehicle formations and real-time implementation,” CDS Technical Memo
CIT-CDS 01-016, California Institute of Technology, Pasadena, CA
91125, Tech. Rep., 2001.

[9] W. Dunbar and R. Murray, “Model predictive control of coordinated
multi-vehicle formations,” in IEEE Conference on Decision and Control,
vol. 4, 2002, pp. 4631–4636.

[10] F. Borrelli, T. Keviczky, K. Fregene, and G. Balas, “Decentralized
receding horizon control of cooperative vechicle formations,” in Proc.
44th IEEE Conf. on Decision and Control and European Control Conf.,
Sevilla, Spain, 2005, pp. 3955–3960.

[11] W. Li and C. Cassandras, “Centralized and distributed cooperative re-
ceding horizon control of autonomous vehicle missions,” Mathematical
and computer modelling, vol. 43, no. 9-10, pp. 1208–1228, 2006.

[12] A. Richards and J. How, “Decentralized model predictive control of
cooperating UAVs,” in Proc. 43rd IEEE Conf. on Decision and Control,
2004, pp. 4286–4291.

[13] V. Manikonda, P. Arambel, M. Gopinathan, R. Mehra, F. Hadaegh,
S. Inc, and M. Woburn, “A model predictive control-based approach for
spacecraft formation keeping and attitude control,” in American Control
Conference, 1999. Proceedings of the 1999, vol. 6, 1999.

[14] J. Chuang, “Potential-based modeling of three-dimensional workspace
for obstacle avoidance,” IEEE Transactions on Robotics and Automation,
vol. 14, no. 5, pp. 778–785, 1998.


