Decentralized MPC




MPC of Large-Scale Constrained Linear Systems

Cost function: full matrices ), R, P
N-1
Z [.1'2.(2.1';‘. + u;‘, lz’uA.J + .z-f\.l’.l'_\-
k=0

Process model: coupled dynamics /

Tp41 = Axy + Buy, &€ R‘,j‘ u € R™

N J

Constraints:  Fup + Frp, < G

Drawbacks

* need global model

e computation complexity (solve large QP)

e |ots of communicated data (transmit all states to
central unit, transmit back all commands to actuators)

e control design hard to tune and maintain
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Centralized approach



Typical DMPC approach

e Measure/estimate local states

e Solve local MPC problems

e Exchange decisions with
neighbors, possibly reiterate
local computations

e Apply the current command
input to local actuator(s)

e Possibly interact with upper
level of decision making
(hierarchical control)

Main issues: Global closed-loop stability ? Feasibility of global constraints ?
Loss of performance w.r.t. centralized control ?
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Local DMPC problem

e At time ¢, each DMPC agent #: solves the local MPC problem ‘
- Jocal wezﬁ/'zis

/ Qi = W/QW;
Vi(e(®) = ming,e kzocvk)@a E+ (EYE= R & Z/RZ,
= min,; (a1) Pt + /(1) Qi (1) + (ub) Ry
s.t. :Izl—Aa;"’(t) Buo
a:o = W’x(t) 2t (1))
umm < ug < Umax

ut =0, Vk > 1

o /ocal stales

~ this is the only input applied to
" the system: u;(t)=ui*(t)

local optimizer: ug = |(ug™ ]

N _these are not applied, but provide an
estimate of neighbors’ optimal moves
(depending on amount of model mismatch)

The actual input vector u(t) commanded to process is the
collection of all optimal inputs u1*(¢), u22*(¢), ... , umm*(t)
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Stability results

Theorem Assume A apd all matrices A; open-loop as. stable. Let P, = APA; 4+ Q;,
Vi=1,...,M. Define

Au?\(t) £ u(t) — Zz-u(’gi(t), A:Jc?(t) £ (I — WiWi’)az(t)
NAT (I — W@-Wi’)A, ABY> B — Wiwngizg
) e — i N 7 g 7 - R e e de/
Also, let I ., KX 7
APUSMACH

AY (z(t)) £ W,W!(AAZ'(t) + BZ:ZI AW (1)) + AAz(t) + ABu(t)
and
AS (z(1))E (2(AW/z(t) + Biud' (1)) + AY ' (x(t))'Wi) BW/AY " (z(t))
If the condition

M M
7’ (Z WiWi’QWiWi’> r— ) AS(z) >0, Yz €R”

is satisfied then the decentralized MPC scheme is globally asymptotically stabilizing.

A S;(t) depends on amount of mismatch between global and local models.
AS;(t)=0 if no mismatch, i.e. all local models are also global (=full feedback)
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Extension to intermittent measurements

e Assume all data are exchanged

on a wireless network h _ Selpoint generation
7 A V..
e The network may be congested ﬁiﬂp Wy %s
and packets drop out. ' —ry R m—
MPC # MPC #2 S >N MPC #3
e Assumption: when packets are A ANN ANN
lost at time ¢, by default u(t)=0 WV W : Wv

V'V v o . 7
e Assumption: at most N packets | - Underiying process i

can be lost consecutively

e Model mismatch grows with the
number of consecutive packet
losses
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Packet-loss probability model

probability 7r; of occurrence

0.3
experimental results on 06
relative frequencies of ol

packet failure burst length

relative frequency

S 10

| | burst length NV burst length NV

burst length V

Proposed probability model: Markov chain

P 1- 1-p 1-p 1-p 1-p
C I;ruiewous . 1 consecutive j consecutive N consecutive P P 0 0
pac :rri(\:/%rc;ec Y packet lost packets lost packets lost p 0 1 -p - 0
1 2 J+ 1 N + 1 P pr— . . H .- H
p O O - 1-p
1 O o - 0

one-step probability matrix

o =7'P

N J— . .
D=1 T = consecutively exactly i-1 packets

m; = steady-state probability of losing
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Stability results

Theorem Let
ASj(z) = [2(AW/z 4+ Biug (2)) W] + AY () 1(AT" D) Wi bW/ AL AY ()
and let
&(2) & AWz + Bug ()
If the condition

M
> (WiW] QW Wz + &(x) (P — W/ (AT Y WiPW/ AT W) &i(2) — ASi(x)) >0
=1
is satisfied Vx € R", V5 = 1,..., N then the decentralized MPC scheme is globally
asymptotically stable under packet loss.

M

* Proof based again on showing that V (z(t)) = Z V;(z(t)) isaLyapunov function
i=1

e Note: Proof does not depend on probability model for packet loss !
e Local asymptotic stability: check eigenvalues of nxn matrix

e Global asymptotic stability: test LMI relaxation of resulting PWA closed-loop

© 2010 A. Bemporad WIDE - June 23, 2010 8



Decentralized temperature control example

Temperature control in different passenger areas in a railcar

Passengers areas Antechambers A/ C & Heaters

i Train walls Windows Internal Doors External Doors

Heat transmission equation

dT &
6;7('7_) - ; Qij (7) + Quj
Qi (7) Sij Kij (%(72 1; (7')), ji=1,....n
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Model decomposition

e Global model: 26 states, 16 inputs
¢ Define 16 submodels

e Each model has 5 states, 2 or 3 command inputs

corrard /'n/oaz‘5

Cheader & A/C)

E’asse [§  eas Antechambers A/C& Heaters

) 35: ‘5 i ‘7 i ‘9 ! ‘11: 3 el

—

e

|

2fF 4§ 6 §8 f1o|f 2 14 15'

'L Train walls Windows Internal Doors External Doors
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DMPC - Simulation results (no packet loss)

temperatures heater commands
) 0.03 4,
18 i
il
17.8 0.025(
" H§
0.02 |1}
17.4] N, L
7.2 0.015 @%ﬁ:

930 60 90 120 150

o] 102146 0
Q=2 0 10711, |’
Umin = —0.03 W, Upae = 0.03 W, T =9 min

R = 10°I4,
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DMPC - Simulation results (with packet loss)

temperatures

heater commands

18

17.8

17.6 i
17.4

17.2f

H il IE ENIE NS Eifm I mI N 103

"o a0 120

0 30 60 90

Packet loss generated by Markov chain
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WIDE - June 23, 2010 12



Hierarchical MPC design




Hierarchical Hybrid MPC

centralized hybrid controller

N

DMPC1 |€=>| DMPC2 |€=> | DMPC3

I

Large-scale process

e Centralized hybrid MPC for global coordination:
— Enforce global constraints (mixed linear & logical)
— Optimize global objectives

* Need an abstract (hybrid) model of underlying closed-loop dynamics
(--> full dynamic model and full state information is not needed)

e Runinreal-time at a lower sampling frequency
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Hierarchical Hybrid MPC

Example:

centralized hybrid controller

y(k+ 1) = G(1)u(k) / I \
o G(1)= glob;l_[-)zgain. Und2:Tying

closed-loop dynamics abstracted
as just one-step delay

DMPC1 |€=>| DMPC2 |€=>| DMPC3

1T 1

min f(y(k+ 1) —ry(k),u(k)) Large-scale process

u(k) \
S-t- Q(U(k') U(k)rri(k)) < O< any Ccomvex faaa/mz‘/c

TSy
\\ or PWA Function

any/ set of ( m/‘Xea/——/nz‘eﬁer>

e Define set-points for local DMP(C’s:

linear constrants

desired reference
r(k) = G(1)u(k)

I ——

oaz‘/%zi £e eea/éac ,é
Fronr wunder/ y/ng process
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Hierarchical Hybrid MPC - Example

e Multi-mass system, N=5 masses, only vertical motion

M;yj; = w;i — Bivi — kiyi — ki (i —v5) 4
i=i1atl A,

&

Bs

,_
 S—

k3

= I I
s e D

e Local model #:: only considers k12 ka3 k34

\

N

\

\
- 000 0°e
aSSUm|ng y'l—]_ p— y’l,"—l — O ult th us ’U/4' U5t

e |Local MPC #1:

Ny—1

min ) kE+7)— i k 2
i () st (bt Nu—1) j;o (wik + 5) = ri(k))

s.t. uwl . (k) <wui(k+5) < ubqax(k)

—

© 2010 A. Bemporad WIDE - June 23, 2010 16



Hierarchical Hybrid MPC - Example

e Hierarchical hybrid MPC based
on static global model

y(k+ 1) = G(1)u(k)

T—

e Hierarchical hybrid MPC decides
input bounds u%4.(k) in real-time

S

e Hierarchical hybrid MPC decides
local set points r(k) in real-time

e (Constraints:

k1

>
—

% e 5

k12

yz:O @m) @ 0
Ult ’LLQt

at most K, inputs can be over a certain threshold w;(k)>uiim

ka3

set-point changes are bounded |G(1)u(k) — y;(k)| < Ay

e (ost function:

min [|G(1u(k) - rq(k)|

—
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Hierarchical Hybrid MPC - Example

sampling time 711.=0.25 s saml; ing time Tu=3 s
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Hierarchical Hybrid MPC - Example
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Hierarchical structure: optimal choice of sample time

4 — N
Lower Control Layer satmipllng e 2y

desired T

reference Upper 4 ™\
Control
Layer J (t)

output

constraints o Process - (t)

7 sampling time -

Ty = NTy, )

optional (partial)
state feedback

Decentralized LCL
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Hierarchical structure: optimal choice of sample time

Plant equations H LCL specs
z(t+1) = Az(t) + Bu(t) | 2 0(4) —
{ y(t) = Ca() + Du() OO
u(t) = K:Ij(t) + E’I“(t) £ = {6 c R™ - Hye S@
IR G | Tuning knob
— ((C+ DK)(I — A— BK)"1B+ D)~ . .
_— — Admissible polytopes
LCL closed-loop
x(t+1) =
y(t) )=
Constraints
y — {y c Ry
R={reR%w: Hyr < Ky,— AKy} Y1
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Hierarchical structure: optimal choice of sample time

Main Idea: at time tallow Ar = ||r(t) —r(t — NT)||oo
“small enough” such that  x(t + NT7y) € Q(r(t))

TA 2t +h) 2 Q(r(t), h=1,...,N—1 /\
T(t + 1)-— \74--.
A Qr(t) At the next
r(t) 4------- / \// execution of the
\@ | %"}UCL the state is
: in the invariant
set interior
r(t—1) : .
i i ! //// I >
t t+1r t+ 2717y t+1Tq t
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Hierarchical MPC for stabilization of mini-UAVs

(Bemporad, Pascucci, Rocchi, 2009)

Quadcopter model (nonlinear, 6-DOF)

@ 4 command inputs: . 10 .\ 1
Vmi, Vma, Vs, Via ¥ =(—usin® =B,

oo

_ . _ Ry L
e 12 outputs: )= (peestising =)z

L 2= —g+ (ucos@cosd — fz)+
97¢7 V,x,y,2, 97¢7 V,Xx,y,2 9 — T

I XX

¢_7_¢

Ly

¥ =1 (fith—f+f)

- Inputs (motors voltages)
saturation

- Altitude z > 0

- Pitch and roll angles
—% < 0,0 < Z (soft costraints)
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Hybrid MPC for obstacle avoidance

e (Generate desired position

in real-time to avoid obstacles Hybrid

MPC
controller

e Obstacles modeled as polyhedra
(tetrahedra)

 HYSDEL for description of hybrid Linear MPCL__—
dynamics (quadcopter + obstacles) |

e Hybrid Toolbox for conversion S Nonlinear
to MLD form and hybrid MPC design e

Dynamics

<

~~
BN
+
—_

~—
|

aryy(k) + 01y (ya(k) + Aya(k))
a122(k) + Brz(za(k) + Azq(k))

N
~~
BN
_I_
—_
~—
|

{x(k+1) = a1:7(k) + Pra(za(k) + Aza(k))
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Hybrid modeling of obstacles

e (Obstacles modeled as tetrahedra

z(k)—zi(k)

Aobski [y(k)yz(k)] < Bobs

e Staying “out of the obstacle” is a nonconvex constraint. Use binary vars

z(k)

y<k>] < 2 (k)]

Sii(k) = 1] < [A7, K,
[ J( ) ] [ obs z(k)

subject to the logical constraint

4
\/ =6 (k) =1, Vi=1,....M
j=1

e Use double layer to model an “undesired” area around the obstacle the UAV
should avoid
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Navigation results (hybrid + linear MPC)

@ Obstacles positions are known at each sample step

@ Trajectory generated in real-time

Target point

Starting point ’ 10

15
10

£
-
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Tracking the references generated by hybrid MPC

20 ' ol
< 10 X
X
0
0 40 80 120 160 200
Y
0
0 40 80 120 160 200
10

~N 0\// /ﬁm—\ ' —_“é -
Z |
10 ! ! | |
0 40 80 120 160 200
Time (5)

Average CPU time for hybrid MPC = 135 ms per time step (Thyp=1.5 s),
using the MIQP solver of CPLEX 11.2

© 2010 A. Bemporad WIDE - June 23, 2010 27



Now going into experiments ...

(C.A. Pascucci,
master thesis,
2010)

» 7 “
L — ——
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Hybrid MPC for formation flight

(Bemporad, Rocchi, 2010)

@ Leader-follower approach

@ Two control scheme:

- Decentralized hierarchical hybrid + linear MPC
- Centralized hybrid MPC + decentralized linear MPC

navigation hybrid MPC

(centralized or decentralized)

.........................................................

Tigh=1.5 s hybrid ,. hybrid ‘ . hybrid

i Imeasure-

i Imeasure-

measurements

stabilization

desired
positions

T—71 ms linear linear linear

° MPC MPC MPC
measurements

dynamica T l voltages T l T l
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Hybrid MPC for formation flight

@ Obstacles positions are known at each sample step

@ Trajectory generated in real-time

© 2010 A. Bemporad

Target

104
N
4 we eader
-10. = Follower 1
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Hybrid MPC for formation flight

Target
20- points
o 4200 5
5 | Tl Jiw = Y. llpr(k) — pill5
04 ss L eadler k=250
=404 s FollOWeT 1 4200
ke — _ 5
e Hoiiy, —0 Jipt = > lpp(k) —pp1(k) — pa1ll3
20\ points e, k=250
VR e + [lpL(k) — pr2(k) — pa2ll5
¥ -10° 10 X 4200
Ju =) |lulk) —u(k—1)[1
k=250
Target points
5
N O
5 — Leader centralized hybrid MPC
50 ~_ etz decentralized hybrid MPC
? o T senngpoms potential fields
0N P 0
Y o o

Average CPU time for hybrid MPC: decentralized 73 ms, centralized 466 ms.
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